Abstract. We present a calculation of the weak localisation correction to the scattering and to the transport mean free path, for waves propagating in a δ-correlated random potential, going beyond the usual diffusion approximation for the loops in the interfering path amplitudes. We find that not only the transport mean free path, but also the scattering mean free path is affected by the interference contributions. We also find the dependence of the leading order contribution to both, the scattering and the transport mean free path, on the disorder parameter 1/kℓ to be linear. This is in contrast to the result obtained from the diffusion approximation according to which the scattering mean free path remains unaffected when changing the disorder parameter, whereas the correction of the transport mean free path scales like 1/(kℓ) 2 .
Introduction
A thorough understanding of the propagation of waves in disordered potentials is of great importance in many areas of physics. Classically, one expects diffusive transport of the average wave intensity through the medium, i.e. one expects that interference effects play no role, on average. In other words, the neglect of interference results in the average wave intensity performing a random walk just like a classical particle would do. This picture was applied quite successfully to the propagation of electrons in conductors leading to the ohmic dependence of the transmission on the sample thickness [1] and, in optics, to the theory of radiative transfer [2] .
In general, diffusive transport is characterized by the fact that the square of the distance r of the particle from its initial position increases, on average, linearly with time, i.e., r 2 = 2dDt, with diffusion constant D, in d dimensions. We will here consider the case d = 3. If particles are continuously emitted from a source, the particle density evolves into a stationary distribution, which, in the diffusive case, decays asymptotically like 1/r, with a prefactor which is solely determined by the strength of the source and the transport mean free path ℓ t (see section 2.4 for more details). The transport mean free path thus characterizes the behaviour of the stationary particle density at large distances r from the source, or -vice versa -the latter can be used to define the former. On the other hand, the scattering mean free path ℓ s , i.e., the average distance between two successive scattering events, determines the density of particles at small distances, where the particles have not yet been scattered after emission from the source (for waves, this particle density corresponds to the coherent intensity). This contribution to the density of particles decays exponentially on the length scale ℓ s . It is thus possible to measure the scattering mean free path via detection of the coherent intensity as a function of the sample thickness. For isotropic scattering of classical particles, transport and scattering mean free path are identical, whereas, in the general case, they are related by ℓ t = ℓ s /(1 − cos(θ) ), where cos(θ) is the angular average over the cosine of the scattering angle. The transport mean free path therefore defines the length scale over which the particles' direction of propagation is randomised. For charged particles such as electrons, another important quantity describing stationary transport is the electrical conductivity σ, defined by the diffusive current in response to an externally applied electric field. In the classical case, the conductivity is proportional to the transport mean free path, i.e., σ = ne 2 ℓ t /mv, called Drude conductivity, with electronic density n, charge e, mass m and transport velocity v (see, e.g., chapter 7.2 of [1] ). Finally, also the diffusion constant is related to ℓ t via D = ℓ t v/3.
Coming back to the transport of waves, the above considerations referring to the random walk of a classical particle neglect one important feature inherent to wavestheir ability for interference. The Boltzmann approximation -which yields the above classical results, and which is valid for wave lengths much smaller than the scattering mean free path -assumes that, upon averaging over the disorder, all interference contributions vanish. However, if the system exhibits reciprocity symmetry [3] certain interference contributions do survive the disorder average and lead to deviations from the classical results. The most important contribution originates from the so called maximally crossed scattering paths [4, 5] , where the two amplitudes ψ and ψ * forming the wave intensity |ψ| 2 visit the same scatterers, but in opposite order. In a backscattering experiment, these amplitudes will interfere constructively in retro reflection giving rise to the famous coherent backscattering effect [6] . Analogously, this effect enhances the probability for the wave energy to return to any point inside the medium and thus, because of flux conservation, reduces the overall transport over large distances -an effect known as weak localisation [7] . Nevertheless -in three dimensions and if the disorder is not too strong (i.e. if the scattering mean free path is still larger than the wavelength) -the propagation of the average intensity still resembles a diffusion process, although the two parameters ℓ s and ℓ t -which, as discussed above, govern the behaviour of the stationary intensity distribution on small and large length scales, respectively -are then modified with respect to their classical values. In particular, the weak localisation effect manifests itself as a reduction of the transport mean free path.
In most of the standard literature, e.g. [1, 8, 9] , the weak localisation correction is calculated for the diffusion constant instead of the transport mean free path, and, furthermore, a cut-off procedure is usually employed which relies on the following argument: as described above, weak localisation is related to the probability for the wave intensity to return to a position where it has been previously. To obtain a finite quantity, one considers a finite small volume around the initial position to determine the return probability. In momentum space, this amounts to a cut-off at large momenta the precise value of which depends on the model under consideration [10, 11] . Furthermore, the return probability is usually evaluated within the diffusion approximation, assuming that many scattering events occur before the wave intensity returns to its previous position. As a result of these approximations, the reduction of the diffusion constant turns out to scale like 1/(kℓ) 2 , where k denotes the wave number.
In the present paper, we relax these approximations and calculate the corrections of the scattering and of the transport mean free path without employing any assumption apart from kℓ ≫ 1 ('weak disorder'). For simplicity, we will concentrate on the case of a white-noise disorder potential, where, in the Boltzmann approximation, scattering is isotropic, and, hence, the classical values for the scattering and the transport mean free path are identical: ℓ
We will then determine the leading modifications of ℓ s and ℓ t due to interference effects for kℓ ≫ 1. For both quantities, the leading corrections turn out to scale like 1/(kℓ). Let us note that a similar calculation of the leading weak disorder corrections has already been performed for the conductivity σ (which is defined by the response to an external field, e.g. in the case of electronic transport) [12, 13] . In the present paper, we repeat this analysis for the scattering and transport mean free path, which -as explained above -are general quantities determining the stationary intensity distribution for any kind of wave undergoing a diffusive scattering process in the absence of an external field (which is the typical situation, e.g. for light waves or sound waves). As we will see, the weak disorder correction of σ is identical to the correction of the product of the scattering and of the transport mean free path.
The paper is structured as follows:
• The next section presents a short review of the diagrammatic calculation of the average wave intensity. For this, we first introduce the model under investigation and derive the vacuum Green's function. Then, the disorder average is introduced, to obtain the average Green's function. This enables us to define the scattering mean free path ℓ s . With the help of the average Green's function we write down a Bethe-Salpeter equation for the average intensity propagator which is solved within the ladder approximation and describes incoherent (or classical) transport. We close the section with the derivation of a steady state diffusion equation for the average intensity on large length scales. The transport mean free path ℓ t is defined with the help of this equation.
• In section 3 interference corrections of the mean intensity are considered. We first specify the types of diagrams we include into our calculations, and show how these affect the transport mean free path ℓ t . We show that these additional diagrams also require a change of the scattering mean free path ℓ s . The evaluation of the corrections of ℓ s and ℓ t is sketched, and analytical results for the leading order terms are derived.
• The results obtained in section 3 are summarised and complemented in section 4. The leading order contributions to the corrections of the scattering and transport mean free path are discussed, and the results are related to previous studies on disordered electronic systems concerning the weak localisation corrections of the conductivity.
• The last section concludes this article, and gives a short outlook on future perspectives.
Green's functions, disorder average and classical contribution
After introducing the random wave equation as the starting point of our considerations, and giving the reader a short reminder about diagrammatic techniques for performing the disorder average, we will focus in this chapter on the regime of incoherent transport. Within the ladder approximation, valid for weak disorder, the average intensity is found to follow a classical random walk, with the average step length given by the scattering mean free path ℓ s . On large length scales, the random walk reduces to a diffusion equation, which, as described in the introduction, defines the transport mean free path.
Model
We investigate the propagation of classical waves in a three dimensional disordered medium described by the stationary Helmholtz equation
where ψ denotes the field, k the wave number, and j is the source term. The potential V , describing the disordered medium, is a random function which is assumed to be uncorrelated (white noise) and to exhibit Gaussian statistics:
Here, 4π/ℓ is a measure for the strength of the potential parametrised by a length scale ℓ. In the limit of a very weakly disordered medium, the scattering mean free path turns out to be given by ℓ, see section 2.3 below. We use the Green's function method to treat the problem. For the Helmholtz equation with V ≡ 0, i.e. the vacuum case, the retarded momentum space Green's function G 0 is well known to be of the form (see, e.g., [14] , chapter XII.9)
with η an infinitesimal positive quantity. In real space, the retarded Green's function then takes the form of a spherical wave
and the advanced Green's function is the complex conjugate G * 0 . In the presence of a scattering potential V , the Green's function g can be expressed in terms of the vacuum Green's function G 0 and the potential V by means of the well known Born series
which can be recast into a Lippmann-Schwinger equation:
To shorten the notation one expresses integral equations of this type with the help of diagrams: different types of lines represent the different types of Green's functions (G 0 (r), g(r, r ′ ) or, later, the average Green's function G(r)), crosses denote the scattering potential. In the next section we will perform the averaging over the disorder potential V . The appearing correlators V (r)V (r ′ ) are represented diagrammatically by crosses connected via a dotted line. As opposed to the Green's function g for a specific realisation of the disorder potential, the average Green's function G is translationally invariant.
Disorder average
The average Green's function G(|r − r ′ |) in presence of the random medium can be expressed via a Dyson equation (see, e.g., [14] , chapter XIII.23):
where Σ(r) is the self energy defined as the sum of all irreducible diagrams, i.e. diagrams which do not fall apart upon cutting a single Green's function, see figure 1 .
From (7), we obtain an algebraic solution for the Fourier transform of the average Green's function G, in terms of the vacuum Green's function G 0 and of the self energy Σ:
Here, we do not need the infinitesimal displacement of the poles η like in (3), since the self-energy already possesses a finite imaginary part (see below) which shifts the poles away from the real axis. For weak disorder, i.e. kℓ ≫ 1, the self energy depends only weakly on the momentum p and we can therefore write:
with the effective wave-vectork = k 2 − Σ(k). Neglecting the real part of the self energy (which can be absorbed by a suitable redefinition of the wave number k), this can be written ask = k + i/2ℓ s , with the scattering mean free path
In real space, the retarded Green's function takes the form
and the advanced Green's function is again the complex conjugate of (11) . We see that, due to the disorder, the real space average Green's function decays exponentially on a length scale given by twice the scattering mean free path ℓ s . Therefore, we will later determine the scattering mean free path as the decay length of the squared absolute value of the average Green's function, see (16) . In the next section we will see that ℓ s is the length scale on which the coherent intensity decays.
To investigate the mean intensity I = ψψ * (the brackets denote the average over disorder realisations), one defines the average intensity propagator Φ as the disorder averaged product of a retarded with an advanced Green's function. The average intensity propagator fulfils the Bethe-Salpeter equation [1] 
where U denotes the irreducible vertex or intensity operator, see figure 1.
Weak disorder approximation
In the case of weak disorder, i.e., kℓ ≫ 1, one may apply the so-called ladder approximation. Here, only the first term of the self-energy and the irreducible vertex are considered (see figure 1 ). In this approximation, the self-energy and the irreducible vertex read
Together with (10), this approximation yields ℓ s = ℓ. Using U of the form (14) in the Bethe-Salpeter equation (12), and assuming a δ-source of strength s 0 at r 0 , i.e. j(r) = √ s 0 δ(r − r 0 ) in (1), then leads to the following transport equation for the mean intensity I(r) = Φ(r 0 , r 0 ; r, r):
where I 0 (r) = s 0 |G(|r 0 − r|)| 2 denotes the coherent intensity, i.e., the intensity arriving at point r without being scattered, and
Although ℓ s equals ℓ within the ladder approximation, we still keep ℓ s in the exponential since, later, when additional interference diagrams are taken into account, this equality will not hold any longer and a distinction between ℓ s and ℓ is crucial. As mentioned in the introductory section 1, the coherent intensity decays exponentially on the scale of the scattering mean free path, which can be seen from (11) together with (10) . The transport equation (15) can be interpreted in terms of a classical random walk. According to (15) , this random walk is characterized by the source term I 0 (r) and the probability distribution P 0 (|r − r ′ |) of the step length |r − r ′ | between two successive scattering events at r and r ′ . Remember that this simple form of the transport equation only applies to isotropic scattering from a δ-correlated potential. In the case of anisotropic scattering (i.e., if the random potential exhibits correlations on a length scale comparable to the wavelength), one can derive, instead of (15), a radiative transfer equation for the intensity I(r,ŝ) at point r, with propagation directionŝ [15] .
The solution of the transport equation (15) can be expressed in terms of the ladder propagator L(|r 1 − r 2 |), which we will need as a building block for the weak localisation diagrams in section 3:
Equivalently to (15) , the transport equation for the ladder propagator reads:
see figure 2 . In Fourier space, the sequence of single steps reduces to a geometric series:
where we used the Fourier transform P 0 of (16)
Summing up all ladder diagrams without the first (N − 1) terms leads to the ladder propagator with at least N scattering events:
Similarly, we define the crossed propagator C as the sum of all maximally crossed diagrams [5] (see figure 2) , for later use. By reciprocity symmetry [3] , C equals L 2 . Furthermore, we can construct propagators C N consisting of maximally crossed diagrams without the first (N − 1) terms. It then holds that C 1 ≡ C, and
generally. Diagrammatic representations of the propagators P 0 , L, L 2 and C are given in figure 2.
Diffusion approximation & transport mean free path
If we consider transport on large length scales (compared to ℓ s ), we may derive a steady state diffusion equation starting from (15) . For this, we perform a Taylor expansion of the mean intensity I(r ′ ) around position r inside the integral in (15):
where summation over repeated indices is implied. Stopping the expansion at the second order and insertion into (15) yields
. (24) The first term in the integral cancels the left hand side of the equation, because of the normalisation of P 0 :
The second term vanishes because it is an odd function of the integration coordinates. Thus, only the term quadratic in r ′ survives inside the integral:
By exploiting the spherical symmetry of P 0 , we can use the identity
and conclude that
where ∆ = ∇ 2 denotes the Laplace operator. Thus (26) takes the form of a stationary diffusion equation:
It only depends on a single parameter D (s) which is the stationary analogue of the diffusion coefficient appearing in the time dependent diffusion equation. The parameter D (s) is given by the relation
By comparison with the fundamental steady state diffusion equation, found in [15] chapter 9, we see that
which we use to calculate the transport mean free path. The interpretation of P 0 as the step length distribution (cf. section 2.3 above) then means that we calculate the transport mean free path via the variance of the step length distribution or, equivalently, by the mean square displacement.
Within the ladder approximation, we find from (25) , together with (16), Figure 2 . Diagrammatic representation of the "single step" P 0 , the ladder and crossed propagators L, L 2 and C, and of the Bethe-Salpeter equation (18) satisfied by the ladder propagator. By reciprocity symmetry, C and L 2 have the same value, see (22) . and thus ℓ s ≡ ℓ, which is consistent with the result found from (13) using the definition (10). Furthermore, inserting (16) into (30) yields
Combining this with (31) we obtain:
Again, remember that this is only true for isotropic scattering -otherwise the scattering and transport mean free path would differ already in the ladder approximation.
To close this section, it is instructive to look at the solution of (29) for a δ-source of strength s 0 , i.e., I 0 (r) = s 0 |G(|r|)| 2 = s 0 exp(−r/ℓ s )/(4πr) 2 in an infinite medium. For r ≫ ℓ s , the exponentially localized coherent intensity can be replaced by I 0 (r) = s 0 ℓ s δ (r) /4π, for which the solution of (29) reads
This is the asymptotic 1/r decay mentioned in section 1, with the proportionality constant 3s 0 /16π 2 ℓ t thus defining the transport mean free path. For given source strength s 0 , a measurement of the transport mean free path can therefore be performed via the detection of the average intensity at a large distance r from the source (where the coherent contribution is sufficiently attenuated).
Weak disorder corrections
In the previous section, we saw that, for isotropic scattering and within the ladder approximation, scattering and transport mean free path are equal, (33). However, in the presence of reciprocity symmetry, additional diagrams, apart from the ladders, play a role. These contributions will give rise to corrections of the mean free paths and will therefore lead to deviations from (33).
In this section, we will introduce these additional diagrams and show how they are incorporated into the transport equation for the average intensity. We will then calculate the corrections due to these diagrams, first for the scattering and then for the transport mean free path, and identify the leading contributions in the disorder parameter 1/(kℓ). 
Contributing diagrams
We start by specifying the types of diagrams we include into the irreducible vertex U . Obviously, we have to consider the ladder contribution, see (14) , which accounts for classical, i.e. interference-free, propagation. Interference-free means that the two amplitudes which constitute the intensity are perfectly in phase at any instance of the scattering sequence. Since, in the presence of reciprocity symmetry, the two amplitudes forming a maximally crossed diagram do not collect any phase difference either, these have to be included as well, see (22) . When a maximally crossed diagram is connected with ladder diagrams on both sides, a crossing is generated. This crossing introduces a phase difference between the involved amplitudes and thus vanishes in the limit of kℓ → ∞, i.e., the corresponding diagram will yield a small contribution in the weak disorder limit. A crossing can be decorated with one two-point potential correlation function V (r)V (r ′ ) (2), i.e. crosses connected with a dotted line, without rendering the diagram higher order in the disorder parameter 1/kℓ. In the case of the maximally crossed diagrams, these crossings are known in the literature as four point Hikami-boxes [16] . Similar structures appear if one additional correlation function is introduced inside ladder diagrams, cf. figure 3 d) -i) , whereas adding more than one of these correlation functions leads to contributions of higher order [1, 13] . Since any of these irreducible vertices, depicted in figure 3 , may be inserted between two ladder scattering events at r and r ′ , they will lead to a modified step length distribution P (|r − r ′ |) (see below). The diagrammatic representation in figure 3 is given in two different, but equivalent ways: the upper one is already familiar from figure 1 and  figure 2 , whereas the lower one corresponds to a real-space representation emphasizing especially the loop-like character of the additional diagrams. The diagrams carrying an index H are the familiar Hikami-boxes [16] . Since our aim in this article is to calculate the leading order weak localisation corrections, we do not consider a whole group of "small" diagrams (e.g. the diagrams given by the last two terms, the eighth and the ninth, of the irreducible vertex depicted in figure 1 ) which contribute in order 1/(kℓ) 2 and which can be found in [13] . With this selection of the contributing diagrams we completely account for the corrections in 1/kℓ and ln(kℓ)/(kℓ) 2 completely, see section 4. The mean intensity can be constructed from all possible combinations of these building blocks, together with the ladder building block P 0 (figure 2). This is achieved with a Bethe-Salpeter equation like (15)
where, now, in comparison to (15) , P 0 is replaced by the modified step length distribution P which, apart from P 0 , contains the additional diagrams shown in figure 3 , see (36) below. Our approach is very similar to the one used in [17] , where the weak localisation corrections of spectral statistical properties, namely the two level correlation function, of two-dimensional disordered conductors were calculated for systems with spatial extent of the order of the scattering mean free path (denoted as "ballistic limit", there). These authors also use the exact propagator within the loops and the exact form of the Hikami boxes. In [17] , the model considered is a non-interacting electron gas on a two dimensional torus. The use of a finite medium is necessary, since in a two dimensional infinite medium all states are localised. Thus, the authors study the behaviour of the weak localisation corrections with respect to changes of the medium size. In contrast, we perform our calculations for a three dimensional infinite medium below the mobility edge, i.e. in the weak localisation regime. We analyse the weak localisation corrections of transport quantities, like the transport mean free path, under changes of the disorder strength. In the view of [17] , our approach is to allow the loops, which lead to the weak localisation corrections by influencing the return probability, to also probe short scattering paths -meaning the loops not only explore the "diffusive", but also the "ballistic" scale of the medium.
Lets return to the modified step length distribution P . Summing up all diagrams shown in figure 3 yields
where P H = P HA + P HB + P HC (37) and P B = P BA + P BB + P BC + P BD + P BE + P BF .
The respective diagrams fulfil the following symmetry relations: mirroring vertically is equivalent to complex conjugation (interchange of the upper line, G, and the lower line, G * ), whereas mirroring horizontally (either the complete diagram or just the upper or lower half) does not change the value of the diagram (reciprocity symmetry). Thereby, we can infer
i.e. only four different diagrams have to be calculated: P HA , P HB , P BC and P BE . As already pointed out before, the inclusion of additional diagrams into the step length distribution P entails additional contributions to the irreducible vertex U as compared to the ladder approximation. Since the irreducible vertex and the selfenergy are linked via a Ward identity which ensures conservation of the total energy flux [18] , this also implies the inclusion of additional diagrams, apart from (13), into the self-energy. This results in a change of the scattering mean free path. In the case of (35), energy flux conservation is ensured by the normalisation of the modified step length distribution
from which we will calculate ℓ s as shown below. As we have checked, the same result is obtained when calculating ℓ s directly from the self-energy, see (10) , using a Ward identity [19] . On the other hand, the variance of the step length distribution yields the transport mean free path via 1 6 dr r 2 P (r) = ℓ s ℓ t 3 ,
as discussed above, cf. (31). Finally, we give an example of how to translate the diagrams depicted in figure 3 into formulas. The diagram 3 b), e.g., represents the equation
We recognize the four Green's functions G, the two complex conjugate Green's functions G * , and the crossed propagator C. According to its definition, see (22) and figure 2, C already contains two scattering events at the starting and end points (r 1 and r 2 , respectively). The remaining two scattering events (at r 3 and r ′ ) are taken into account by the prefactor (4π/ℓ) 2 originating from the potential correlation function (2). We must not include a factor of 4π/ℓ for a scattering event at r, since the transport equation (35) would otherwise double count these events upon concatenating the building blocks.
The scattering mean free path
Since, according to (11) , ℓ s gives the decay length of the average Green's function, it follows from (16) that
The scattering mean free path is thus obtained from the normalisation (40) of the total step length distribution P = P 0 + P H + P B , (36), as follows:
where we introduced the corrections of the scattering mean free path due to the different Hikami, δH s , and dressed ladder boxes, δB s . To evaluate the integrals, we switch to Fourier space, since there we know the analytic form of the ladder/crossed propagator L/ C, see (21) and (22) . The corrections thus take the form (beware the minus sign from (44)!)
Here, H(r, r 1 , r ′ , r 2 ) represents the sum of diagrams a)-c) (figure 3) without the crossed propagators connecting r 1 and r 2 . As an example, the contribution from b) reads:
Integration over the outer points r and r ′ yields the reduced Hikami-box H(r 1 , r 2 ) = H(r 12 ) with Fourier transform H(q) = H A (q) + H B (q) + H C (q). Inserting this into (45) yields, correspondingly, δH s = δH A,s + δH B,s + δH C,s . In the same way, we get for the dressed ladder boxes B A,...,D (the contributions from B E,F are special and we consider them separately in a moment):
with the Fourier transform of the dressed ladder boxes
The Fourier transforms of the boxes are readily obtained to be Here, we keep the distinction between ℓ s and ℓ only in the H A -box (48a), whereas we set ℓ s ≡ ℓ in the remaining boxes H B,C and B A,B,C,D . As we will see later, the latter boxes lead to higher order corrections as compared to H A , such that the difference between ℓ s and ℓ can be neglected. Furthermore, we used the symmetry properties discussed earlier, leading to H B = H * C = B A = B * B , see (39). The final integrations over q, including the propagators L 2 and C, see (45) and (47), have to be performed numerically. The results will be presented in section 4.
The corrections due to the diagrams from figure 3 h) and i) which do not contain full ladder or crossed propagators can be calculated directly (without going to momentum space), and analytically. Because of translational symmetry, we set r = 0 and obtain (r 1/2 = r 1/2 )
For kℓ ≫ 1, the sum of these two contributions has the asymptotic behaviour
Moreover, we can obtain the leading correction of the scattering mean free path analytically. It turns out to be given by a part of diagram 3 a), depicted in figure 4 , where only the first term (4πP 0 /ℓ) in the series forming the crossed propagator is taken into account:
Again, we set ℓ s ≡ ℓ to obtain the two leading contributions on the right hand side of (51), since ℓ s → ℓ for kℓ → ∞. (The distinction between ℓ s and ℓ will affect only the next leading contribution proportional to 1/(kℓ) 2 , see the coefficient a 2 of δH A,1 in table 1, below.) Figure 4 . Short-loop diagram responsible for the leading correction of the scattering and transport mean free paths, depicted in two different but equivalent representations (as in figure 3). It is obtained as a part of diagram 3 a) , where the loop between r 1 and r 2 is replaced by the direct connection, or, in other words, only the first term in the series for the crossed propagator C, see figure 2 , is taken into account.
The remaining contributions to diagram 3 a) are given by replacing 4πP 0 /ℓ with C 2 = L 3 , see (22) , in (45), i.e. by subtracting a single scattering event from the full C:
where we used C 2 (q) = P 0 (q) C(q), see (21) and (22), and introduced the extended
The transport mean free path
To calculate the corrections of the transport mean free path, we use (41), which we rearrange in the form
Using (16) we can evaluate the integral over the ladder step P 0 which yields
where, analogously to the case of the scattering mean free path, we introduced the corrections due to the Hikami-and dressed ladder diagrams, δH t and δB t , respectively. We can put (55) into a more convenient form by writing ℓ s = ℓ + δℓ s , and expand the square of ℓ s /ℓ for small δℓ s to obtain
We see that the corrections δH s and δB s of the scattering mean free path calculated in the previous section also enter into the corrections of the transport mean free path. In order to use the exact ladder/crossed propagator in the calculation of the corrections, we again switch to the Fourier transforms and obtain:
where we introduced the Fourier transforms H (2) (q) and B (2) (q) of the functions:
and
respectively. As compared to H(r 12 ) and B(r 12 ) in section 3.2, the additional term |r − r ′ | 2 appears in (58) and (59). This makes the calculation more complicated, however -with some effort -the integrals in (58) and (59) can still be performed analytically.
We start with the contribution H
A . Using translational invariance, we choose the point r 2 in diagram 3 a) as the origin. We then introduce the Fourier transforms of the Green's functions
A (r 1 ) = 4π ℓ dp 1 · · · dp 4 (2π
Substituting the variables u = (r + r ′ )/2 and v = r − r ′ , shifting p 2 by −p 3 , and using the relation
valid for sufficiently smooth functions f , we arrive at the expression H
A (r 1 ) = − 4π ℓ dp 3 dp 4 (2π
The Laplacian of the product of Green's functions follows from (9):
Choosing spherical coordinates, one can first perform the integration over the angular variables, and then evaluate the remaining integrals over p 3 and p 4 using the calculus of residues. Finally, Fourier transforming the result with respect to r 1 yields the desired H
A (q). From this, the correction is obtained by numerical integration of H (2) A (q) C(q) over q (cf. (57)).
Like in section 3.2, the short loop (diagram in figure 4 ) accounts for the leading order correction and can be obtained analytically again by replacing the full crossed propagator C with a single step 4πP 0 /ℓ:
The remaining contribution to δH A,t , i.e. δH A,2,t ≡ δH A,t − δH A,1,t , reads:
again with the extended H
A,2 -box given by, cf. (53),
A (q).
Like δH A,1,t , the contribution δB E+F,t from diagrams 3 h) and i) can also be calculated analytically:
For the contributions from the remaining diagrams, 3 b)-g), one can proceed analogously to the calculations (60)-(63). Since the resulting expressions are very lengthy, we do not give them explicitely but rather discuss their general behaviour. A plot of the Fourier transforms of the functions H C+D , as functions of momentum q, is given in figure 5 . These functions are directly comparable with each other, since their contributions to the correction of the transport mean free path are given by integrating these functions multiplied by C(q) = L 2 (q) over the momentum q, see (57) and (65). The inset of figure 5 shows that all functions remain finite for vanishing q. For these limiting values we obtain, in leading order of 1/kℓ: 
A,2 (q) (solid), H
B+C (q) = B
A+B (q) (dashed), and B (2) C+D (q) (dotted), from the end of section 3.3, for the disorder parameter kℓ = 100. Due to the very lengthy nature of the analytical expressions of these functions they are not given explicitely in the text. The inset shows that the functions remain finite for vanishing q.
From figure 5 , we also see that the function H (2) A,2 (q) is cut off at q ≈ 2k, whereas the functions H In order to verify the consistency of our results, the values at q = 0 given above can also be derived from the ordinary boxes H A,B,C and B A,...,D , see (48a), (48b), and (48c), by using the following identity:
valid for the Fourier transformation F of a spherically symmetric, twice differentiable function f multiplied by r 2 . This relation can be derived with the help of (61).
Results
In the previous section, we have derived expressions for the different contributions to the corrections of the scattering and the transport mean free path. Except for the cases of the special diagrams shown in figures 4, 3 h) and i), which are given analytically, the integrals in these expressions have not yet been evaluated, cf. (45), (47), (52), (57) and (65). We now analyse the asymptotic behaviour of these contributions, by considering the data obtained from numerical integration.
The scattering mean free path
The leading asymptotic behaviour of (51), i.e. the correction due to the diagram depicted in figure 4 , is δH A,1,s /ℓ −→ −π/2kℓ for kℓ → ∞. In higher order, it also contributes corrections of the order of ln (kℓ) / (kℓ) 2 , 1/ (kℓ) 2 , and further. The remaining diagrams give corrections at least of the order of ln (kℓ) / (kℓ) 2 and 1/ (kℓ) 2 or higher. We thus write: (45) and (47)). We see that the different logarithmic contributions cancel each other (cf. the leading coefficient a 1 in table 1), which only leaves contributions of the order of 1/(kℓ) 2 . However, due to the contribution of δH A,1,s (51), a term of the order of 1/kℓ, which thus constitutes the leading contribution, remains. The total correction of the scattering mean free path then reads
This is the same correction one would find with the help of (10) from the second term of the self-energy depicted in figure 1 , see e.g. chapter 3.2 exercise 3.8 equation (3.82) in [1] . As already mentioned, this leading contribution originates from the short-loop diagram shown in figure 4 , where only a single step 4π P 0 /ℓ is inserted instead of the full propagator C in the Hikami box H A , see (51). As we have checked, inserting two steps 4π P 2 0 /ℓ into H A -or, equivalently, a single step 4π P 0 /ℓ into the extended box H A,2 , see (52) -reproduces the next order correction, i.e., the coefficient a 1 = −1.234 of δH A,2,s /ℓ. Likewise, the a 1 -coefficients of δH B+C,s /ℓ, δB A+B,s /ℓ and δB C+D,s /ℓ (which, as mentioned above, cancel each other together with δH A,2,s /ℓ), are obtained by inserting a single step into the boxes H B+C , B A+B , and B C+D , respectively, i.e., (45) and (47) with 4π P 0 /ℓ instead of C = L 2 . Therefore, all contributions from longer loops between r 1 and r 2 (see figure 3) , i.e., those obtained by inserting a full propagator C 2 = L 3 with at least three steps into the boxes H A,2 , H B+C , B A+B , and B C+D , yield corrections of the order 1/(kℓ) 2 . As we have checked, the a 2 -coefficients of these longer loops also cancel each other. The same remains true if these longer loops are approximated by a diffusion propagator (proportional to 1/q 2 ). For this reason, no correction of the scattering mean free path is found if the return probability is evaluated within the diffusion approximation, as mentioned in the introduction. In contrast, our exact calculation indicates a non vanishing correction of ℓ s due to short loops. Let us note that, in a similar context, the influence of short scattering paths on weak localisation in quantum billiards has recently been analysed in [20, 21] . 
The transport mean free path
As in the case of the scattering mean free path, the leading contribution originates from the diagram in figure 4 which is given by (64). The leading asymptotic behaviour of this contribution is δH A,1,t /ℓ −→ 5π/6kℓ, for kℓ → ∞. Like in the case of the scattering mean free path, this diagram also contributes to the logarithmic term (ln(kℓ)/(kℓ) 2 ) and terms of order 1/(kℓ) 2 and higher. The remaining contributions are at least of logarithmic form and we thus write their asymptotic behaviour like in (70): (65)). Using (56) and collecting all terms up to order ln(kℓ)/(kℓ) 2 we obtain the correction of the transport mean free path
Similar to the case of the scattering mean free path (cf. end of section 4.1), we analysed the behaviour of the weak localisation corrections due to long loops with at least three scattering events. This is achieved by inserting C 2 = L 3 , instead of the full C, into the extended box H
A,2 or the other boxes H
B+C , B
A+B and B
C+D , and leads to vanishing logarithmic terms b 1 . As for the remaining coefficient b 2 , the contributions of the ladder boxes B 2 . This shows that the long loops contribute only to order 1/(kℓ) 2 , which is consistent with the standard result obtained within the diffusion approximation, see e.g. [1] chapter 7.4 (7.57).
A comparison of the 1/kℓ contribution in (73) with (71) shows that ℓ s is more strongly reduced than ℓ t . The relative increase of the transport mean free path can be made plausible by looking more closely at the leading diagram, see figure 4 , and its effect on the step length distribution (36). It turns out that the main contribution to this diagram comes from constellations where r 1 and r 2 are very close to each other. This approximately amounts to two independent steps, each of which follows the exponential step length distribution P 0 (cf. (16) ), at once. Due to this "double step" the variance of the step length distribution, and thus the transport mean free path, is increased with respect to the case with just single steps.
We finally look at the weak localisation corrections of the conductivity which were calculated in [13] :
We compare this with the quantity D (s) = ℓ s ℓ t /3 for which we find, putting all previous corrections of ℓ s and ℓ t together, the following leading order weak localisation corrections:
Hence, the leading weak disorder corrections of the conductivity σ and of the stationary diffusion constant D (s) are identical. Since, to the best of our knowledge, a general relation between D (s) and σ has not yet been proven, it is an interesting open question whether the proportionality between D (s) and σ remains valid also for stronger disorder (i.e. beyond the leading orders in 1/kℓ).
Conclusion & Outlook
We calculated the leading weak disorder corrections of the scattering and of the transport mean free path for the propagation of waves in a white-noise random potential, without employing any approximation except kℓ ≫ 1 (where ℓ is the Boltzmann mean free path). The leading corrections for both, ℓ s and ℓ t , scale like 1/(kℓ), and originate from the short-loop diagrams given in figure 4. In contrast, the self-consistent theory of localisation [18, 22] , where the loops are treated within the diffusion approximation, predicts a vanishing correction of ℓ s , whereas the correction of ℓ t scales like 1/(kℓ)
2 . This is not necessarily a contradiction, since the self-consistent theory of localisation is meant to describe the transition from the regime of weak to strong localisation, rather than to calculate corrections for the case of weak disorder. The basic idea of the self-consistent theory is the renormalisation of the diffusion constant, where the loops contributing to the return probability (which, in turn, determines the diffusion constant) are treated in the diffusion approximation, but with a renormalized diffusion constant. Since the present paper shows that also short loops give rise to significant weak disorder corrections for both, ℓ s and ℓ t , this may motivate future attempts to improve the self-consistent theory of localisation (which, in its present form, does not reproduce the correct critical exponents for the Anderson transition [23, 24] ), e.g. by renormalizing not only a single quantity describing transport on large length scales (such as the diffusion constant or the transport mean free path), but taking into account also quantities relevant for transport on shorter length scales (such as the scattering mean free path).
Furthermore, let us comment on the relevance of our results with respect to experiments on weak localisation [7, 25] . The experiments described in [7] consider the weak localisation corrections of the electron conductivity (or, similarly, the mobility) under breaking of the reciprocity symmetry, whereas the disorder parameter 1/kℓ is kept constant. Breaking of the reciprocity symmetry is achieved by the application of a magnetic field which affects mainly the long interference loops, since these encircle on average large areas being sensitive to penetration by the magnetic flux. Thus, these experiments observe the weak localisation contribution of order 1/(kℓ) 2 characteristic for long loops (the logarithmic correction being hard to distinguish from the pure 1/(kℓ) 2 decay, experimentally). However, we showed that the diagram depicted in figure 4 gives rise to a correction of the order 1/kℓ. Again, this is no contradiction since this diagram is short range and thus almost insensitive to reciprocity breaking induced by the magnetic field. Indeed, other experiments [26] , which measure the mobility of electrons in helium gas and directly change the density of the scattering medium and thus the disorder parameter 1/kℓ, were confirmed to be consistent with a leading order correction to scale like 1/kℓ in [25] .
Based on the thorough understanding of the linear case, as provided in the present article, it becomes now furthermore possible to investigate the influence of nonlinearities on the weak localisation effect. Application of the non-linear diagrammatic theory developed in [27, 28] to the case of non-linear coherent backscattering showed an inversion of the CBS cone, already for moderate values of the non-linearity [29] . This inversion stems from destructive interference in the backscattering direction and thus suggests a weak anti-localisation effect. This cone inversion was also observed in numerical experiments on coherent backscattering of Bose-Einstein condensates in two dimensional speckle potentials [30] , in accordance with the non-linear diagrammatic theory. Combining the non-linear diagrammatic theory and the work presented in this article it is possible to calculate the corrections of the transport mean free path in the non-linear case. The negative cone should then correspond to an increased transport mean free path as compared to the classical (ladder approximation) prediction.
